The Rubakov-Callan Scattering on the Supergravity Monopole 
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We study small perturbations around the supersymmetric CVMN monopole solution of the gauged 
supergravity in D=4. We find that the perturbation spectrum contains an infinite tower of Coulomb- 
type bound states both in the bosonic and fermionic parts of the supergravity multiplet. Due to 
supersymmetry, the eigenvalues are the same for the two bosonic parity sectors, as well as for the 
fermionic sector. We also find that the fermion scattering on the monopole is accompanied by 
isospin fiip. This is analogous to the Rubakov-Callan effect of monopole catalysis of proton decay 
and suggests that there could be a similar effect of catalysis for decay of fermionic systems in 
supergravity. 
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Introduction.— The Rubakov-Callan effect jl| can be 
viewed as a consequence of the isospin flip for Dirac 
fermions interacting with the t' Hooft-Polyakov magnetic 
monopole [11 . When scattered on the monopole, fermions 
change their quantum numbers, so that outgoing parti- 
cles are not the same as incoming ones. When interacting 
with systems of bound fermions, as for example quarks 
inside a proton, the monopole changes the quark col- 
ors, thus rendering the system unstable. Although not 
observed in nature so far, such a monopole catalysis of 
proton decay is very interesting theoretically. 

There are other interesting theoretical effects for mag- 
netic monopoles (see Q for a review). For example, scat- 
tering of even parity Yang-Mills and Higgs quanta can 
resonantly excite the monopole, giving rise to a long liv- 
ing breathing state while the odd parity quanta can 
be trapped by the monopole to form bound states @. 
The monopole can also confine zero energy fermions, in 
agreement with the index theorem @. 

In this letter we study analogous effects, but in connec- 
tion to the supergravity (SUGRA) monopole solution of 
Chamseddine-Volkov-Maldacena-Nunez (CVMN). This 
is an exact solution Q of equations of gauged SUGRA 
in D=4 that preserves four supersymmetries (SUSY) and 
contains a Yang-Mills field whose structure is exactly the 
same as for the t' Hooft-Polyakov monopole. This solu- 
tion can be promoted to D=10 as a string theory vacuum 
01, in which case it can be interpreted as a holographic 
dual of the N=l super- Yang-Mills 

In what follows, we maintain the original interpretation 
of the solution as magnetic monopole in D=4 and study 
its small excitations within the SUGRA multiplet. We 
find that boson fluctuations split into two parity sectors 



and admit an inflnite tower of bound states with the same 
eigenvalues for both parities. There are also bound states 
with exactly the same eigenvalues in the fermion sector 
too. We then study the fermion scattering and observe 
the isospin flip phenomenon similar to the one discussed 
by Rubakov and Callan, even though we do not consider 
Dirac fermions but interacting spin-3/2 and spin-1/2 Ma- 
jorana fields. This suggests that there could be a similar 
effect of monopole catalysis of bound fermionic systems 
in SUGRA. 

SUGRA bosons.- The TV = 4 gauged SU{2) x S';7(2) 
supergravity of Freedman and Schwarz (FS) [9| contains 
the gravitational field g^i^, the axion a, dilaton $, and 
two non-Abelian gauge fields A"^ and (a = 1,2,3) 
with gauge couplings ca and e^, as well as the fermions. 
One can consistently truncate the theory to the sector 
where = es =0, after which one can rescale the 



remaining fields to achieve the condition 
action density of the theory then reads 

£ = i? + i a^$a^$ + i e-^'^a^aa^a 
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where F^^ = a^^^ - d^A''^ + tabcA^Al is the gauge field 

tensor and its dual. One can consistently set the 
fermionic fields to zero and study the purely bosonic 
fields. Assuming the latter to be spherically symmet- 
ric, the most general line element can be parameterized 
in spherical coordinates t, r, ip as 

ds^ = 2e2*(e2''di2 _ g2A^^2 _ ^2(^^2 ^ gi^^2 ^^^2))^ (2) 

The most general S0(3) invariant gauge field is 



-^aA^dx^ 



{Qtdt + nrdr)T3 + (kzTi + kiT2)dz? 
(k2T2-kiTi)sinMv'-HT3CosM(/3 (3) 
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with [Ta, Tfc] = ieabc^c being the SU(2) generators. Here 
z/, A, ?7, fit, r^r, ki, k2 depend on t, r. In the static case 
one can set = A = a = ilf = il,. = k2 = and $ = 
ki = w{r), U = The field equations then admit an 

exact solution describing the CVMN monopole Q, 
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= 2rcothr-w2-l, (4) 



where a as an integration constant. We study time- 
dependent perturbations of this solution within the 
ansatz (mi,®, so that to set 

$ = + Scf), ki = w + 6w, A = (5A, v = Sv, 
uji = 6uji, k2 = (5k2, a = ^a, (5) 

where the perturbations depend on t, r and are assumed 
to be small. The line element ^ has a residual symmetry 
t ^ t + g{t,r), r — >■ r + f{t,r) with drg = dtf, while 
the ansatz ^ is invariant under Cla ^ + daCt(t,r), 
ki + e'"(ki + ik2) (a = t,r). These symmetries 

can be used to impose the gauge conditions Jit = and 
U = Y{r). 

Inserting (O into the field equations for the action ^ 
and linearizing with respect to perturbations, the per- 
turbation equations split into two independent parity 
groups. In what follows we shall only outline the results 
of the complicated detailed calculations which will appear 
elsewhere. Let us consider first the even parity group 
containing 6(j), 6w, Sv, SX. The key observation is that the 
linearized tr component of Einstein equations is a total 
derivative with respect to time, which after integrating 
gives an algebraic relation expressing 6X in terms of Scji 
and Sw. The rr component of Einstein equations then 
can be resolved with respect to Si^, so that the linearized 
Yang-Mills and dilaton equations will contain only S4> and 
5w. With Sw = e*'^*e-'^Bi(r) and Scj) = e*"*e-'>B2(r)/y, 
these equations reduce to a two-channel Schrodinger sys- 
tem 



-B'; - CB[ + VnBi + V12B2 = uj^Bi, 
-B" + CB' + V22B2 + V21B1 = ij^B2, 



where ' = 

ar 



(6) 



, Y with 



and C, Vik are real functions of (p,w, 
V21 = V12 + C. 

Equations in the odd parity sector contain (5a, (SfJ,. 
and 5^2- Setting 5a = oj cos{ujt)e'^ Bi/Y and = 
2sin{ujt)e"<'{wYB2 + [w^ - l)Bi)/Y^ and also 6K2 = 
sm{ujt)e~'f'{e''^{'we'^B2y/w + 2w'Bi/Y), these equations 
also assume the Schrodinger form but the potential 
Vik is not the same as in the even-parity case. However, 
the behavior at r — > 00 is similar for both parities, since 
C ~ V12 ~ V21 ~ e^*" — > 0, so that the system ^ diago- 
nalizes, while 
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even^ 


even 


1 


0.10937 


0.101710 


0.201961 


2 


0.21484 


0.217134 


0.230873 


3 


0.23437 


0.235150 


0.239792 


4 


0.24121 


0.241552 


0.243665 


5 


0.24437 


0.244553 


0.245689 



Table I. Bound state eigenvalues for Eqs.([6|. 



does not have resonant excitations. The spectrum con- 
tains scattering states with oj^ > 1/4, while for < 1/4 
there should be an infinite tower of bound states - since 
the potential contains the attractive Coulombian tail. 
In the idealized case, if we had exactly Vu = V22 = 
1/4 - 3/(4r) and V12 = V21 = C = 0, the bound 
states eigenvalues would be wj^^ = 1/4 — (3/(4ri))^ with 
ri = 1, 2, . . . and for every eigenvalue there would be two 
different solutions. 

Solving Eqs.([n]) numerically, we indeed find bound 
states with sa o;^. The double degeneracy present 
in the idealized case is lifted for the full system, and for 
a given n we find two different solutions with slightly 
different eigenvalues that we call n"*" and , since one 
of them has Bi w B2 and the other Bi w — i?2- The 
first ten eigenvalues are shown in Table 1, where it could 
be seen that when n increases, they indeed approach the 
Coulombian values w^. We notice, however, something 
unusual, since for both parity values the eigenvalues turn 
out to be the same, at least up to six decimal places 
as shown in the table, even though the potentials Vik are 
different. The explanation of this remarkable coincidence 
is due to supersymmetry. We next study the fermionic 
sector. 

SUGRA fermions.— The fermions in the FS model are 
the gravitino 7/;^ and gaugino x- These are Majorana 
spinors endowed with an isospin index, so that they have 
altogether 80 complex components. Neglecting their self- 
interactions, their equations of motion read [9|.[l]]| 

1 



+ e^T - Yd.^ - e-^h\ = 0, 



(8) 



where Z)^ = + juj ^ 



i^f 7a7/J - T^^Al with being 
the spin connection and l),, = — e'^J-^^ with 
■p _ 'p''F°^7"7^. These equations are invariant under 
the SUSY transformations -0^ — >■ -0^ -I- i5e-0^, x — >■ x + ^tX 
with 



Vii ^ V2 



22 



(7) 



Since Vii(oo) = ^22(00), it follows that, unlike for the 
t' Hooft-Polyakov monopole 01, the SUGRA monopole 



^ 2^2 " 4V2 



(9) 
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where e is the spinor SUSY parameter. Due to this invari- 
ance, there exist identity relations between the equations 
(Bianchi identities) 

-{±^Ydp<l>+\e^T~\e-^)V=Q. (10) 

It is worth noting that the fermion equations are SUSY 
invariant iff the boson background is on-shelL The 
monopole background (j4]) is on-shell and moreover it is 
supersymmetric, since it admits four non-trivial spinors 
eq such that S^^ip^j, = iJcpX = Oj so that it is invariant 
under SUSY transformations generated by eo (3- 

Let us collectively denote the bosons by B and fermions 
by F. Their SUSY variations can be schematically ex- 
pressed as 5eB = eF and S^F = D{B)e where D{B) is 
a covariant derivative operator. Let us set F — and 
B = Bq + 6B where Bq is the monopole and SB its per- 
turbation. Since this configuration is on-shell, so will be 
its SUSY variations. Let us consider the variations in- 
duced by the Killing spinors eo- One has S^^B = 0, while 

d,,F = D{Bo + 6B)eo « D{Bo)eo + D{SB)eo - D{SB)eo, 

(11) 

where we used the fact the the background is SUSY- 
invariant i.e. D{Bo)eo = 0. By construction, pT|) should 
fulfill the fermion equations. Therefore, to every per- 
turbative solution SB in the bosonic sector there corre- 
sponds a solution D{SB)eo in the fermionic sector. More 
precisely, it is given by ^ with e = eg. 

It then follows that the fermionic equations ([5]) should 
contain all solutions of the bosonic equations. In partic- 
ular, they should have the same bound state spectrum. 
To verify this, we should solve the system of 80 spinor 
equations (|8]). As a first step, we impose the symme- 
try condition on spinors, whose total angular momentum 
J = L + S + I consists of the orbital part L, spin S and 
isospin /. Since / = 1/2, both for S = 3/2 (gravitino) 
and 5 = 1/2 (gaugino), there are integer values of L 
giving J ~ 0. Therefore, both the gravitino and gaug- 
ino could form spherically symmetric states. When we 
restrict to J = 0, the dependence on the angles ip sep- 
arates, and the fermionic system ([5]) reduces to 32 equa- 
tions for 32 complex functions of t and r. In addition, 
the Majorana condition eliminates half of the degrees of 
freedom, so that we are left with only 16 equations for 
16 complex amplitudes. 

As a consistency check, we verify that these equations 
admit Q as solutions (provided that e also has J = 0) 
and that they fulfill the Bianchi identities ([TU)) . Next, we 
verify that if SB is a solution of the Schrodinger prob- 
lem ([5]), either for even or for odd parity, then D^{SB)eQ 
fulfills the fermion equations. After this we are confident 
that our equations are correct, and so we proceed to solve 
them. In order to fix the gauge, we impose the condition 



which removes all time-dependent pure gauge modes and 
eliminates 4 complex amplitudes out of 16 yielding 16 
equations for 12 functions. It turns out that 4 of the 16 
equations are algebraic and can be used to express 4 func- 
tions in terms of the other 8. As a result, there remain 12 
equations for 8 functions. Assuming the harmonic time 
dependence e'"* for the spinors, the time variable sepa- 
rates. Taking linear combinations, we find that only 8 of 
the remaining 12 equations are differential while the re- 
maining 4 are algebraic constraints. We check then that 
differentiating these constraints and using the 8 differen- 
tial equations to eliminate the derivatives do not lead to 
new constraints. We can therefore resolve the constraints 
to express four amplitudes in terms of the other four, so 
that everything reduces to just four first order differen- 
tial equations with real coefficients. Converting them to 
two second order equations, we finally obtain 

-Fi' + ([/n - w')Fi + w[/i2F2 = 0, 

-F^' + (C/22 - w')F2 + UJU21F1 = 0, (13) 

where Uik are real functions of the background ampli- 
tudes w, 0, Y. Summarizing, we managed to reduce 
the 80 fermion equations ^ to two second order equa- 
tions ([Tn)l . These equations are solved to determine 
Fi{r), F2{r), in terms of which all components of ip^,x 
can then be expressed. 

Before proceeding, we analyze the asymptotic behav- 
ior of solutions and find that for r — 00 one has 
^ F2 ^ e-3</'/2-fc'- with k = ^X-uP-jL Since 
(/) ~ r jl at large r, it follows that the solutions are 
always exponentially suppressed at infinity, irrespective 
of the value of w. Fermions are therefore always local- 
ized around the monopole and cannot escape to infin- 
ity, as if they had no scattering states. However, this 
seems to be a purely kinematical effect, since passing to 
the string frame ds^ — > e~^'^(is^ changes the spinors as 
F e"^l'^F so that they osciUate at infinity for > 1/4 
and are exponentially suppressed for ixP' < 1/4. We then 
solve equations (|13p numerically looking for bound states 
with oj^ < 1/4 and obtain exactly the same eigenval- 
ues as those given in Tab.l. This result is of course 
natural, since we know that the fermion equations con- 
tain all solutions of the bosonic sector due to the map 
SB ^ D{SB)tQ. 

In the bosonic sector there are two different sets of 
equations, one for even parity and one for odd parity. 
The eigenvalues are the same in both cases, so that every 
eigenvalue is doubly degenerate. In the fermionic sector 
we obtain only one set of equations, and for every eigen- 
value we find only one solution. This solution should 
therefore be the image of both even parity and odd par- 
ity bosonic modes. When explicitly calculating Fi,F2 
corresponding to D{SB)eQ, we obtain the same result re- 
gardless of whether SB has even or odd parity. 



7V0 + ^ X = 0, 



(12) 



Therefore, the even parity and odd parity bosonic sectors 
can be related to each other by a change of variables 
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via the fermion sector. This finally explains why the 
spectrum is the same for both parities. 

Fermion scattering.— We are now ready to analyze the 
scattering problem. Let us consider a wave ingoing from 
infinity in the Fi channel of system (jl3p . It will approach 
the monopole core, where it will excite the amplitude also 
in the F2 channel. The wave reflected from the center 
will go back to infinity being distributed between both 
channels, so that for r — > 00 one will have 

Fi(r) ^ e'""^ + ale-^'=^ F^ir) ^ a^e'^'^^ (15) 

where ai,a2 are complex functions of u. Solving equa- 
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Figure 1. The reflection and transmission coefficients ai,a2 
against ui if the incident wave is in the F\ channel (solid lines), 
or in the F2 channel (dotted lines). 

tions (|13p with such boundary conditions shows that 
the reflection coefficient ai(a;) rapidly approaches zero 



(see Fig.l). Therefore, the Fi ingoing wave gets con- 
verted into the F2 outgoing wave when scattered on the 
monopole. We call this phenomenon isospin flip, since it 
is very similar to the isospin flip for the Dirac fermions 
scattered on the t' Hooft-Polyakov monopole. The only 
difference is that in the latter case the fermions do not 
encounter a centrifugal barrier [l|, whereas our equations 
turn out to contain the centrifugal term at small 
r. As a result, we do not always have a 100% isospin flip, 
but a flip rapidly approaching 100% as the energy in- 
creases. 

If the wave incident from infinity is in the F2 channel, 
then the asymptotic behavior for r — > 00 is given by (jl5[) 
with Fi and F2 interchanged. As seen in Fig.l, in this 
case ai(w) does not tend to zero when w increases, but it 
is always very small and approaches w 0.05, so that the 
isospin flip is « 95%. 

A consequence of the isospin flip on the t' Hooft- 
Polyakov monopole is the Rubakov-Callan effect of 
monopole catalysis of proton decay [l|. It is therefore 
suggestive that the CVMN monopole could similarly cat- 
alyze the decay of fermionic systems in SUGRA. 

One can also consider the fermion zero modes. For 
example, differentiating the background (UJ with respect 
to the scale parameter a gives a boson zero mode 5B, 
which can be converted to the fermion mode via 5B — >■ 
D{SB)eQ. However, since our spinors are Majorana and 
not Weyl, the relation between fermion zero modes and 
the monopole topology is less clear than in the standard 
case 0. These and other issues will be explored in a 
detailed publication. 
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